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Abst rac t - -Fas t  2-D stratified flow over a hard obstacle is considered. The problem is reduced 
to a linear boundary value problem by a nonlinear substitution. The linear problem is studied by 
potential theory. The solution of the nonlinear problem is justified by some estimates. 
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1. FORMULATION OF THE PROBLEM 
In the plane x = (Xl, x2) E R 2, we consider 2-D steady flow of an inviscid incompressible fluid 
which is stratified due to the action of the uniform gravity force directed oppositely to the Ox2- 
axis. To describe this flow, we use stationary equations for conservation of momentum, mass, 
and volume 
p(vV)v  - pg + Vp = 0, (1.1) 
div(pv) -- 0, (1.2) 
div(v) = 0, (1.3) 
where v = (Vl, v2) is a velocity vector, g = (0, -g )  is gravity acceleration (g :> 0), p is pressure, 
and p is fluid density. 
In [1], the system (1.1)-(1.3) is reduced to the following equation for a stream function ¢(x):  
1 (2gx2 + (V¢) 2) 1 d A¢ + 5 ~ ~p( ) = F(W), (1.4) 
where ¢x2 = Vl, --¢x, = v2, A = V 2. The fluid density p and the function F depend on ~ only. 
This was proved in [1] on the basis of functional relations derived from (1.1)-(1.3). The functions 
p(¢)  and F (¢ )  are unknown and must be found when solving the problem from additional 
conditions, for instance, boundary conditions and conditions at infinity [2]. 
We consider the flow over a hard obstacle D bounded by a simple closed curve F c C 1'~, where 
the Holder index A E (0, 1]. Let nx be an external normal to D at x E F. The tangent vector 
to F at the point x we denote by l"x = (cosa(x),sin(~(x)).  The direction of ~'x is chosen such 
that  it will coincide with the direction of nx if ~'x is rotated clockwise through an angle of ~ , SO 
that  n~ - (sin a(x) ,  - cos a(x)).  
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Suppose that the original unperturbed flow is 
¢[11--*-c~ = Vx2, V = const, (1.5) 
and the fluid is exponentially stratified in this flow 
P[xl--.-oo = Aexp(-/3x2), 
where A > 0, /3 > 0 are constants. Exponential stratification has great practical significance, 
because it corresponds to the Boltzmann distribution of fluid particles in a uniform gravity field. 
It was mentioned above that p is a function of ¢ only. From the relationships for the unper- 
turbed flow, it follows that 
p (~b)=Aexp( -~-¢) .  
In a similar way, we find F(¢). We use the expression (1.5) for a stream function in the unper- 
turbed flow and take into account hat 
1 d /3 
p{-¢) g~P(¢) = -P  
Then from (1.4) we obtain 
1/3 
F(¢)l~,-~-oo = -2v  2V " 
Therefore, 
1/3 (2v¢  + v 2) F(¢)  = -~V 
Now we rewrite equation (1.4) in the form 
A¢-  2V1/3 (2gx2 + (Vlb) 2) +1~/3 (2V¢ + V 2) = 0, (1.6) 
and consider the nonflow boundary condition on the obstacle 
elf = c, (1.7) 
where e is a given constant. Joining conditions at infinity (1.5) we arrive at the external nonlinear 
boundary value problem (1.5)-(1.7) for the unknown stream function ¢. 
We put 
¢(x) = ~o(x) + Vx2, (1.8) 
and rewrite (1.5)-(1.7) in terms of the new unknown function ~: 
1 /3 (  0qo V)  AV-2V (V~)2 + 2V-~x~ - 2 V =0, x • R2\D, (1.9) 
~lr = c -  Vx2lr, (1.10) 
~l~,-~-oo = 0. (1.11) 
Suppose that the speed V of the flow is high enough, then the last term in equation (1.9) can 
be neglected, and instead of (1.9) we obtain the following nonlinear equation: 
1 /3 (  ~)  
A~o - 2V  (V~)~ + 2V = 0, x • R2\D. (1.12) 
Thus, we further consider the problem (1.10)-(1.12) which corresponds to the case of fast flow. 
If we find the solution of the problem (1.10)-(1.12), then by (1.8) we obtain the stream function 
in the original problem (1.5)-(1.7) in the case of fast flow. 
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2. TRANSFORMATIONS OF THE PROBLEM 
By the nonlinear substitution 
~(x) = -~-  In u(x), (2.1) 
we reduce the nonlinear problem (1.10)-(1.12) to the linear boundary value problem for the 
unknown function u(x): 
~u-  ~0u 
Ox2 = O, x C R2\D, (2.2) 
u [ r= exp( -2~(c -Vx2) ) r '  (2.3) 
ul~,-._oo = 1. (2.4) 
Now with the help of the linear substitution 
u (x )= l+exp ~x2 w(x), 
we transform the problem for u to the problem for the function w(x): 
(2.5) 
Aw - w = O, x E R2\D, ~3>0, (2.6) 
( ~c ) (_~x2) r f(x), r V ~ O, (2.7) wit---- exp -- -~ -exp  ----- , 
wt~l - -~ = 0. (2.8) 
If we solve the problem (2.6)-(2.8), then we obtain the solution of the nonlinear problem 
(1.10)-(1.12) by tile formula 
~(x)=- - -~- ln  l+exp w(x) . (2.9) 
Our further treatment will be devoted to the analysis of the problem (2.6)-(2.8). 
3. THE ANALYSIS  OF THE L INEAR PROBLEM 
For the well-posedness of the problem (2.6)-(2.8), we introduce some additional conditions. 
Instead of (2.8), we require the uniform condition at infinity: 
w(x) = o(1), Ix I --= ~ + x 2 --, oc. (3.1) 
Here and below, by o(1) we denote a function which tends to zero uniformly as Ix] -* c¢. It is 
obvious that if (3.1) holds, then (2.8) is true. 
The function w(x), which belongs to C2(R2\D)H C°(R2\D) and satisfies all conditions of the 
problem (2.6),(2.7),(3.1) in the classical sense, will be called the classical solution of the problem. 
The following theorem can be easily obtained from the maximum principle [3] for the equa- 
tion (2.6). 
THEOREM 1. The problem (2.6),(2.7),(3.1) has at most one classical solution. 
The classical solution of the problem (2.6),(2.7),(3.1) can be constructed with the help of 
potential theory for the Helmholtz equation (2.6). We seek a solution of the problem in the form 
of the double-layer potential 
1 ~r#(Y)£Ko  (~ ,x -y , )  dlu, (3.2) w[, ] (x )  = 
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where Ko(z) is the McDonald function 
1£ 
Ko(z) = ~ oo exp(-zcosh~) d~, 
y = (yl, y2) • r,  ]x - ya = ~/ (z l -y l )  2 + (z2 - y2) 2, 
where #(y) is an unknown density. 
We will seek #(y) from co(r). It can be checked irectly that for such #(y) the function (3.2) 
belongs to C2(R2\D) N C°(R~\D) and satisfies all conditions of the problem (2.6),(2.7),(3.1) in
the classical sense xcept he boundary condition (2.7). 
To satisfy the boundary condition (2.7), we use limit formulas for the double-layer potential 
and arrive at the Fredholm integral equation for the density #(y): 
l~(x) + ,(y)-~n go Ix - Yl = I(x), • F. dlu x (3.3) 
It follows from the explicit expression for f(x) presented in (2.7) that f(x) • C°(F). If F • C 1,~, 
• (0, 1], then the integral operator from (3.3) is a compact operator mapping C°(F) into itself. 
The Fredholm integral equation (3.3) has unique solution #(x) • C°(F), for any f(x) • C°(F). 
This can be shown by considering the adjoint integral equation which arises when solving the 
internal boundary value problem in D for the equation (2.6) with the Neumann boundary con- 
dition by a single-layer potential. It can be easily proved that the homogeneous adjoint integral 
equation has only a trivial solution. On the basis of the Fredholm alternative, quation (3.3) has 
unique continuous solution for any f(x) • C°(F). 
We arrive at the following theorem. 
THEOREM 2. /f F • C 1')~, /~ • (0, 1], then a classical solution of the problem (2.6),(2.7),(3.1) 
exists and is given by (3.2), where ~(x) is the unique solution of the Fredholm equation (3.3) 
from C°(F). 
From the well-known asymptotic expansion for the McDonald function, we obtain the behaviour 
of the classical solution constructed in Theorem 2 as Ix[ = ~ ~ c~: 
w[#](x)=~ - -~exp( -~[x[ )~#(y)s in (~(x) -a (y ) )d lyx  [ I+O(T~[) ]  (3.4) 
= exp ( -~ [x[) o(1), 
where @(x) is defined by formulas 
cos ~(x) = x_1.1 sin ~(x) = x_22 
Ixl' Izl' 
and a(y) is the angle between the tangent vector to F at the point y and the direction of the 
OXl-axis. 
4.  THE SOLUTION OF  THE NONLINEAR PROBLEM 
In this section, by w(x) we denote the classical solution of the linear problem (2.6),(2.7),(3.1) 
defined by Theorem 2. 
According to the results of Section 1, the solution of the nonlinear problem (1.10)-(1.12) is 
given by the formula (2.9). 
If we substitute w(x) in (2.9), then it may occur that the argument of the logarithm is equal to 
zero or infinity for some points x E R2\D. Consequently, the formula (2.9) does not define any 
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solution of the nonlinear problem in these points. Below we will show that this situation does 
not take place, and expression (2.9) gives informal solution of the nonlinear problem in all points 
R2\D. 
First, we construct he solution of the linear problem (2.2)-(2.4) with the help of the substi- 
tution (2.5). It follows from (3.4) that in addition to (2.2)-(2.4), the function u(x) from (2.5) 
belongs to C2(R2\D) M C°(R2\D) and satisfies the uniform condition at infinity: 
u(x) = 1 + o(1), Ixl = ~ + x~ -~ ~.  (4.1) 
We introduce a circle Pr = {x : Ix I < r} and the relative circumference Sr = OPt. We fix an 
arbitrary point x. E R2\D and consider the radius r0, such that D c Pro, r0 > Ix.I. If r > r0, 
then according to the maximum principle [3] for the equation (2.2), the inequality holds: 
inf u(x) < u(x.) <_ sup u(x). xEFuS~ xErtdsr 
Putting r --~ oo, we obtain from (4.1) that 
0 < m <_ u(x.) < M < oo, x. E R2\D, 
where 
m := min{1, mr}, 
M := max{l, Mr}, 
f~ (c -  Vz2)) < c~, 0<mr= infexp -~- .. 
xEF 2V 
( ~ (c-Vx2)) ~°°" 0 < Mr = sup exp -~--~ 
xEr  
(4.2) 
We used that f~, c, V are some constants (/~ > 0, V ~- 0), and sizes of F are bounded. 
Since x. in (4.2) is an arbitrary fixed point in R2\D, the function u(x) is positive and bounded 
in R2\D. It follows from (4.2) that u(x) is not equal to zero or infinity at any point x E R2\D. 
Therefore, the function (2.1) exists and defines an informal solution of the problem (1.10)-(1.12) 
from the class C2(R2\D) M C°(R2\D). 
We have proved the theorem. 
THEOREM 3. / f  the assumptions of Theorem 2hold and w(x) is a classical solution of the linear 
problem (2.6),(2. 7),(3.1) constructed by Theorem 2, then the function ~o( x) from (2.9) is a solution 
of the nonlinear problem (1.10)-(1.12) from the class C2(R2\D) N C°(R2\D). 
We note that ~o(x) satisfies the uniform condition at infinity 
~(x) = o(1), Ix l  - - '  ~,  
which includes (1.11). 
The asymptotic behaviour of ~(x) as Ixl --~ cx~ can be easily obtained from (3.4). 
5. D ISCUSSION 
On the basis of our results, we suggest a very simple way for solving the external nonlinear 
boundary value problem on fast stratified flow over an obstacle. Assuming that the stratification 
in the upstream flow is exponential, we reduce the problem to the linear Fredholm integral 
equation on the boundary of the obstacle. This equation is uniquely solvable, and its solution 
can be easily computed. 
Previously, the problem on stratified flow over an obstacle has been mostly treated in the 
cases when the Dubreil-Jacotin equation (1.4) becomes linear due to special selection of the 
functions p(¢), F(~b) or in the purely linear case of small disturbances [4-11]. For example, if 
de(x2) = const, V2(x~)p(x2) = const in the upstream flow, then the Dubreil-Jacotin equation dx2 
transforms to the linear Long equation [4,5], which is also valid if disturbance velocities are small 
[5,6,10]. Most efforts to study stratified flow over an obstacle were based on Long's model [4- 
8,10]. The Long equation can be easily obtained from equation (1.9) if we remove the 2 nd and 
3 rd terms. Thus, both the Long equation and equation (1.12) are different limit cases of the 
Dubreil-Jacotin equation. 
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